Introduction
One of the most important problems of Quantum Information Theory [1] is the characterization of mixed states of composed quantum systems. In particular it is of primary importance to test whether a given quantum state exhibits quantum correlation, i.e. whether it is separable or entangled. For low-dimensional systems there exists simple necessary and sufficient condition for separability. The celebrated Peres-Horodecki criterion [2, 3] states that a state of a bipartite system living in C 2 ⊗ C 2 or C 2 ⊗ C 3 is separable iff its partial transpose is positive. Unfortunately, for higher-dimensional systems there is no single universal separability condition.
It turns out that the above problem may be reformulated in terms of positive linear maps in operator algebras: a state ρ in H 1 ⊗ H 2 is separable iff (id ⊗ Φ)ρ is positive for any positive map Φ which sends positive operators on H 2 into positive operators on H 1 . Therefore, a classification of positive linear maps between operator algebras B(H 1 ) and B(H 2 ) is of primary importance. Unfortunately, in spite of the considerable effort, the structure of positive maps is rather poorly understood [4] - [18] (for the recent review paper see [16] ). Positive maps play an important role both in physics and mathematics providing generalization of * -homomorphisms, Jordan homomorphisms and conditional expectations. Normalized positive maps define affine mappings between sets of states of C * -algebras.
In the present paper we perform partial classification of positive linear maps which is based on spectral conditions. Actually, the presented method enables one to construct maps with a desired degree of positivity. These are so called k-positive maps where an integer k runs from 1 (simply positive maps) up to d = min{dim H 1 , dim H 2 } (so called completely positive (CP) maps). It is well known [19] that CP maps are fully classified due to Stinespring's theorem. It turns out that any positive map which is not CP can be written as Φ = Φ + − Φ − , with Φ ± being CP maps. However, there is no general method to recognize the positivity of Φ from Φ + − Φ − . We show that suitable spectral conditions satisfied by the pair (Φ + , Φ − ) guarantee the k-positivity of Φ + − Φ − . Equivalently, we provide partial classification of entanglement witnesses which define basic tool in entanglement theory [20, 21] .
Interestingly many well known examples of positive maps (e.g. transposition, reduction map, the family of Choi maps) belong to the class constructed via spectral conditions. It should be stressed, however, that there are positive maps which do not belong to our class. Therefore, in order to provide full characterization of positive maps further analysis is needed.
Positive maps vs. entanglement witnesses
is said to be positive if Φ(M
where 
for each φ ∈ C d 1 and each ψ ∈ C d 2 . Unfortunately, the above condition is very difficult to check. Consider now an extended map
where id k is an identity map in
Trace preserving CP map is called quantum channel.
Consider now a composite system living in C d 1 ⊗ C d 2 and denote by P the space of positive operators in B(C d 1 ⊗ C d 2 ). Let us recall [23] that for any normalized positive operator σ on H 1 ⊗ H 2 one may define its Schmidt number
where the minimum is taken over all possible pure states decompositions
with p k ≥ 0, k p k = 1 and ψ k are normalized vectors in H 1 ⊗ H 2 . The Schmidt rank SR(ψ) denotes the number of non-vanishing Schmidt coefficients in the Schmidt decomposition of ψ. This number characterizes the minimum Schmidt rank of the pure states that are needed to construct such density matrix. It is evident that 1
Moreover, ρ is separable iff SN(ρ) = 1. It was proved [23] that the Schmidt number is non-increasing under local operations and classical communication. This notion enables one to introduce the following family of positive cones:
One has the following chain of inclusions
where d = min{d 1 , d 2 }. Clearly, V 1 is a cone of separable (unnormalized) states and V d V 1 stands for a set of entangled states. Note, that a partial transposition (id ⊗ τ ) gives rise to another family of cones:
One has V 1 = V 1 , together with the following hierarchy of inclusions:
and it is k-copositive
Denoting by P k (P k ) a convex cone of k-positive (k-copositive) maps one has the following chains of inclusions
and
where P d (P d ) stands for a set of completely positive (copositive) maps. A positive map Φ :
Using well known Choi-Jamio lkowski isomorphism we may assign to any linear map Φ :
where P + stands for (unnormalized) maximally entangled state in
where e ij = |e i e j |. Any operator W constructed this way is called an entanglement witness. One has the following 
One says that W detects ρ.
Let us observe that W is an entanglement witness if and only if
Note, that if Φ is CP then ψ|W |ψ ≥ 0 for any ψ. It implies that Φ is CP iff the corresponding W is a positive operator.
Spectral family of positive maps
is equipped with a family of Ky Fan k-norms [22] : for any a ∈ L(H 1 , H 2 ) one defines
Consider now the Hilbert space being the tensor product H 1 ⊗ H 2 . It is clear that H 1 ⊗ H 2 is isomorphic to the space of linear operators from L(H 1 , H 2 ), i.e. each ψ ∈ H 1 ⊗ H 2 corresponds to some linear operator F :
where ψ iα are complex coefficients. Defining which establishes the above-mentioned isomorphism. Let us note that the normalization condition
gives rise to tr F F * = 1 ,
for the corresponding operator F . It is therefore clear that the rank-1 projector P := |ψ ψ| may be represented in the following way
Now, it is easy to see that
where SR(ψ) denotes the Schmidt rank of ψ (1 ≤ SR(ψ) ≤ d), i.e. the number of non-vanishing Schmidt coefficients in the Schmidt decomposition of ψ.
It is well known that any CP map may be represented in the so-called Kraus form [24]
where (Kraus operators) K α ∈ L(H 1 , H 2 ). Any positive map is a difference of two CP maps Φ = Φ + − Φ − . However, there is no general method to recognize the positivity of Φ from
Moreover, let us take λ 1 , . . . , λ D ≥ 0, with D = d 1 d 2 , and construct two CP maps:
We assume that λ 1 , . . . , λ L > 0, where 1 < L < D. Finally, let us consider
One proves [17] the following 
then the map (31) is k-positive. Moreover, if L α=1 ||F α || 2 k+1 < 1 , and
then the map (31) is not (k + 1)-positive.
This theorem provides simple method for constructing positive maps ( using only spectral conditions. It is clear that Theorem 1 provides the following construction of entanglement witnesses: let us introduce two positive operators
where the rank-1 projectors P α are defined as follows
Finally, define W by
One has the following result: if the condition (33) is satisfied then
for any vector ψ satisfying SR(ψ) ≤ k.
Examples
Interestingly many well known examples of positive maps/entanglement witnesses belong to the class constructed via Theorem 1.
The map is trivially positive since transposition does not change the spectrum of the Hermitian operator. Moreover, it is trace preserving and unital. For example for d = 2 the corresponding entanglement witness reads as follows where dots represent zeros. Its spectrum is given by {−1, 1, 1, 1} and hence τ is not CP. It is well known that transposition is not CP for any d (actually, it is even not 2-positive). For d = 2 one finds
where λ 1 = . . . = λ 4 = 1, and
It is easy to check that
Moreover
One easily finds µ 1 = 1 and hence condition (33) for k = 1 is trivially satisfied λ α ≥ µ 1 for α = 2, 3, 4.
Example 2 A map in M d (C) known as the reduction map
It is easy to check for positivity: indeed for any rank-1 projector P = |ψ ψ| one gets
where P ⊥ defines a projector onto a hyperplane orthogonal to ψ. Hence, R d (P ) being a projector is semi-positive definite. Again, for d = 2 it is easy to find the corresponding entanglement
with the spectrum given by {−1, 1, 1, 1}. It shows that reduction map is positive but not CP. Interestingly, one may show that composing reduction with transposition one obtains a CP map. One finds
where λ 1 = d − 1 and λ 2 = . . . = λ D = 1. Moreover
and the remaining F α are arbitrary d × d matrices such that 
implies that Φ is not a 2-positive.
Note, that for µ = 1 it reproduces the reduction map (47). Now, conditions (33) and (34) imply that if 1
then Φ µ is k-positive but not (k + 1)-positive. It reproduces well known result [23] . Hence, if µ ≤ 1/d, then Φ µ is CP. Again, for d = 2 it is easy to find the corresponding W µ matrix
with the spectrum given by {1 − 2µ, 1, 1, 1}. Clearly, for µ ≤ 1/2 the map is CP.
Example 4 A family of entanglement witnesses in C 3 ⊗ C 3 defined by [25] 
with a, b, c ≥ 0. Necessary and sufficient conditions for W [a, b, c] to be an entanglement witness are
A (i) 1 ≤ a < 2 , (ii) b, c ≥ 2(2 − a) , which shows that condition (59) immediately follows.
Conclusions
We provide partial classification of positive linear maps based on spectral conditions. From the physical point of view our scheme provides a simple method for constructing entanglement witnesses. It turns out [17] that this scheme may be easily generalized to the multipartite setting. Interestingly many well known examples of positive maps (e.g. transposition, reduction map, the family of Choi maps) belong to the class constructed via spectral conditions. Therefore, in order to provide full characterization of positive maps further analysis is needed.
